The work is devoted to the proof of the conservation of local fieldtheoretical Hamiltonian structures in Whitham's method of averaging. The consideration is based on the procedure of averaging of local Poisson bracket, proposed by B.A.Dubrovin and S.P.Novikov. Using the Dirac procedure of restriction of the Poisson bracket on the submanifold in the functional space, it is shown in the generic case that the Poisson bracket, constructed by method of Dubrovin and Novikov, satisfies the Jacobi identity. Besides that, the invariance of this bracket with respect to the choice of the set of local conservation laws, used in this procedure, is proved.
Introduction.
This work is devoted to Whitham's method of averaging, which permits to explore the evolution of slow modulated m -phase solutions of nonlinear systems of equations ( [1] , see also [2] , [4] , [5] , [6] ). The slow modulated parameters of m -phase solutions (for example "running waves" if m = 1) satisfy in this approach to quasilinear homogeneous evolution system of type:
U = (U 1 , . . . , U N ). For the exploring of systems of this kind it appears to be important to explore them on the subject of being Hamiltonian with respect to local Poisson brackets of hydrodynamic type (see [3] , [4] , [5] ). The theory of these brackets, constructed by B.A.Dubrovin and S.P.Novikov, ( [3] , [4] , [5] ), has been used by S.P.Tsarev (see [7] ) for integration of systems (1), having Hamiltonian structure and reducible to the diagonal form. The investigation of Hamiltonian systems which do not satisfy to the last condition, was made by E.V.Ferapontov (see [8] , [9] ).
In the work [4] the procedure of constructing of Hamiltonian structure of the required type for Whitham's system of equations (1), under the condition that the initial system is Hamiltonian with respect to local field-theoretical Poisson brackets was proposed. However, the proof of the Jacobi identity for constructed by this way brackets was absent (see [10] ). In this work we shall prove the Jacobi identity for constructed by Dubrovin-Novikov's method brackets in the case of "generic situation" with the aid of Dirac's procedure of restriction of Poisson brackets on the submanifold in the space of functions. So that, the results of this work permit to make a statement about the conservation of local Hamiltonian structures in Whitham's method of averaging.
General constructions.
Consider the evolution system on the space of fields ϕ = (ϕ 1 , . . . , ϕ n ) of type: ϕ i t = Q i (ϕ, ϕ x , ϕ xx , . . .), i = 1, . . . , n,
which is Hamiltonian with respect to local field-theoretical Poisson bracket of type:
(there is a finite number of terms in the sum) with the Hamiltonian:
The bracket (3) can be compatible with the operator of translation, that is, there may exist the local functional:
(the momentum operator) such that: {ϕ i (x), P } = ϕ i x . (This is not a necessary condition and as was pointed to the author by O.I.Mokhov, there is a special class of local Poisson brackets which satisfy it, see [11] , [12] . However, in the Hamiltonian structures, connected with the "physical" systems, this property, as a rule, is present.) Besides that, we shall admit that bracket (3) can have a finite number of annihilators, that is, functionals (not necessary having the form (4), (5) ) N 1 , . . . , N p , such that: {ϕ i (x), N q } = 0 . Definition. Let we are given a function of m variables Φ(θ) = (Φ i (θ 1 , . . . , θ m )), i = 1, . . . , n, 2π− periodic with respect to each of the arguments, and corresponding to it m -vectors: ω = (ω 1 , . . . , ω m ), k = (k 1 , . . . , k m ), such that:
then the corresponding to them function:
ϕ(x, t) = Φ(kx + ωt)
we shall call the m -phase quasiperiodic solution of the system (2) . Note that the existence of m -phase solutions with m > 1 presents as a rule only for "integrable" systems like KdV.
System (6) is a system of differential equations in partial derivatives on functions Φ(θ) (θ = (θ 1 , . . . , θ m )), and its 2π− periodic with respect to all variables solutions (if they exist) at all possible k and ω give the full family of m -phase solutions of system (2) .
We shall suppose that at any k and ω in some open set (we suppose that system (2) is not linear) the system (2) has some family of the required solutions, which can be parametrized by the initial phase shifts θ α 0 , and may be also by some set of additional parameters r 1 , . . . , r g , (the number of which is constant at all ω and k), which do not change under the variation of θ α 0 . So that, the m -phase solutions of (2) will be given by the values ω = (ω 1 , . . . , ω m ), k = (k 1 , . . . , k m ), r 1 , . . . , r g and θ 1 0 , . . . , θ m 0 . Let now the system (2) has N = 2m + g translation-invariant functionals:
commuting with the Hamiltonian (4) and being in the involution with each other with respect to the bracket (3):
Among the integrals (8) there may be Hamiltonian (4), functional of momentum and annihilators of brackets (3) having the form (8) .
We shall assume that parameters k, ω and r = (r 1 , . . . , r g ) are independent on the family of m -phase solutions of (2) and, besides that, may be expressed in terms of the values of integrals (8) on the functions of family (7) , that is k = k(U), ω = ω(U), r = r(U), U = (U 1 , . . . , U N ), where
(10) (it can be easily seen that values in (10) do not depend upon the initial phase shifts θ α 0 ). So that, after the choice at each value of parameters U on M of some definite function Φ in (θ, U) as having zero initials phases θ 0 , we can put values U ν and θ α 0 to be the parameters on the family of m -phase solutions of (2) .
Each of the functionals (8) generates the Hamiltonian flow of the form:
All these flows are commutative with each other and with (2) , and leave the family of m -phase solutions of (2) invariant, generating the linear dependence of the initial phases upon the "times" τ ν on it and leaving constant all the other parameters. It means that there exist the functions ω α ν (U), such that for all Φ(θ + θ 0 , U), corresponding to the family of m -phase solution (2), we have:
From (9) we can conclude that all evolution systems (11), generated by integrals I ν , have the same properties that the system (2) , and all the statements, proved for system (2) , are valid for systems (11) (besides zero flows and operator of shift of x, we shall speak about this in the consideration of Whitham's method in which the nonlinearity of the system is essential).
System (6) at each ω and k defines some "submanifold" (let denote it by M ω,k , in the space of 2π− periodic with respect to each θ α functions.
are being the constraints, defining these submanifolds.
We shall assume that, if the operator I ν is not the operator of momentum or annihilator of (3), the corresponding systems (12) at all ω ν and k define (as well as (6)) the full family of m -phase solutions of (2) , that is, the constraints:
being consider at some definite ω ν and k, define some m + g -parametric family M ν ων,k of 2π− periodic with respect to each θ α solutions, parametrized by initial phase shifts and some additional parameters the number of which is g, so that the joint of all these M ν ων,k at all possible ω ν and k gives the full family of m -phase solutions of (2) (it is so in many known examples).
We shall also assume in our situation (it is also valid in the examples), that the number g of parameters r 1 , . . . , r g is equal to the number p of annihilators of (3), for which there exist the following motivations:
any of m + 1 flows (11), generated by arbitrary m + 1 integrals (8), are linearly dependent because of (12) on the family of m -phase solutions of (2) , that is, there exist λ
(U) = 0, ∀α . ¿From this we can conclude that m -phase solutions of the system (2) can be also defined by the relation:
(where N q -are the annihilators of (3), since the functional
generates the zero flow on the corresponding m -phase solutions), on the functions:
where
µ q N q has on the functions (15) the only extremum modulo the initial phase shifts, we have that all mphase solutions of (2) can be characterized by 2m + p independent parameters (except the initial phase shifts), and, so that, we obtain the formulated statement.
As in the finite-dimensional situation we shall require the submanifolds M ω,k and M (ν) ων,k (for I ν which are not annihilators of (3) or momentum operator) to satisfy some property of regularity, analogous to the maximality of rank of matrix of constraints derivatives in the finite-dimensional situation. Namely, let us linearize the functional (13) F ω,k (θ) = (F 1 ω,k (θ), . . . , F n ω,k (θ)) (respectively any of functionals (14)) on the solution of system (12) , Φ in (θ + θ 0 , U) (it will be also a solution of (14) ), that is introduce the operatorL U,θ 0 (respectivelyL
(similar for the constraints
) are differential with respect to θ operators with the periodic coefficients in the space of 2π− periodic functions (Φ i (θ), i = 1, . . . , n). We shall require the following conditions: A) For all U and θ 0 the kernel of operator (16) L U,θ 0 consists of vectors tangential to the submanifold M ω(U),k(U) , defined by system (12) , that is, the functions Φ θ α (θ, k, ω, r) and Φ r ζ (θ, k, ω, r) give the basis in the space of solutions of system (L U,θ 0 δΦ)(θ) = 0, and the same property is valid for operatorsL
, corresponding to I ν , which are not annihilators of (3) and operator of momentum.
B) The co-dimension of the images of the operatorsL U,θ 0 ,L
in the space of 2π− periodic with respect to θ functions is equal to the dimension of their kernels, that is,
If all these conditions are satisfied, we say that submanifolds M ω,k and M ν ων,k in the space of 2π− periodic functions of θ have the property of regularity. Besides that, under the assumption that vectors Φ θ α (θ, k, ω, r), Φ r ζ (θ, k, ω, r), Φ k α (θ, k, ω, r) and Φ ω β (θ, k, ω, r) are linearly independent at all values of parameters (θ 0 , k, ω, r) (it is essential requirement for the following consideration), the joint of described above submanifolds M ω,k (or M ν ων,k ) gives 3m + g = N + m− dimensional submanifold M in the space of 2π -periodic with respect to each θ α functions, corresponding to the full family of m -phase solutions of (2).
Method of Whitham.
The constructions described above are closely connected with Whitham's method of averaging for nonlinear systems of differential equations in partial derivatives (it can not be applied to the flows, generated by annihilators of (3) or momentum operator), which is the following procedure: introduced the small parameter ǫ, we put T = ǫt, X = ǫx and rewrite the system (2) on the fields ϕ i (X, T ) in the form:
Let now consider the system (19) on the space of functions ϕ(θ, X, T ), θ = (θ 1 , . . . , θ m ) , 2π -periodic with respect to each of variables θ α . In method of Whitham we try to find the functions:
and 2π-periodic with respect to all θ α functions:
represented by asymptotical series when ǫ → 0:
such that the function:
-satisfies the system (19) at all θ and ǫ, (ǫ → 0). It can be easily seen that the substitution of (21) into the system (19) gives the following equations in the zero order of ǫ
that is, at any X and T , Φ (0) (θ, X, T ), as a function of θ, represents one of the function from family M described above, and the functions ϕ(x, t, ǫ) = Φ(θ 0 + 1 ǫ S(ǫx, ǫt), ǫ), obtained from (21) after the replacement of X and T by ǫx and ǫt respectively, tend at small ǫ to the slow modulated m -phase solutions of (2) .
Besides that, from (22) we obtain:
where U, k and ω -are parameters on M.
Terms with ǫ k , k > 0, give the relations:
-whereL U,θ 0 -is described in (16) linear differential (with respect to θ) operator with 2π− periodic with respect to θ coefficients (expressed in terms of the Φ (0) (θ, θ (0) (X, T ), U(X, T )) and its derivatives with respect to θ α ), f k is discrepancy, which depends upon the previous functions Φ (j) (θ, X, T ) and being of order of k, regarding that functions Φ (j) have order j, functions S -order −1, multiplication of functions adds their orders and differentiation with respect to T and X adds 1 to the order of function.
The system (24) has solutions in the class of 2π -periodic with respect to θ functions if and only if at any X and T the vector f k (θ, X, T ) is orthogonal for all defined in (17) left eigen vectors of operatorL U(X,T ),θ 0 (X,T ) , that is:
which gives on the function f k (θ, X, T ) at any X and T m + g = N − m independent relations according to the number of left eigen vectors of the operatorL U(X,T ),θ 0 (X,T ) .
Taking Φ (0) in the form: Φ (0) (θ, X, T ) = Φ in (θ + θ 0 (X, T ), U(X, T )), we can easily see from the statements formulated above that in the first order of ǫ equations (24) have the form:
where n = (n 1 , . . . , n m ) is an integral m -vector with nonnegative components, nθ denotes here (n 1 θ
α -some definite functions, values S X are S T are connected with the parameters U(X), corresponding to Φ (0) (θ, X), by the relations (23). So that the condition (25) gives on the functions U(X, T ) and θ 0 (X, T ) N − m equations of the form:
Adding to them m equations:
following from (23), we obtain the system of N quasilinear equations on
. If the conditions (27) and (28) are satisfied, the function Φ (1) (θ, X, T ) can be found at any X and T from the differential with respect to θ equation modulo the arbitrary linear combination of N − m functions described in (A) and lying in the kernel of the operatorL U(X,T ),θ 0 (X,T ) (let here denote them as ξ
, that is, modulo the function of type:
The values of the coefficients C s (X, T ) can be found from the condition of the solvability of system (24) in the next order of ǫ, where we have the same situation and, so that, if (27) and (28) are satisfied, we can obtain sequentially all the terms of series (20), which permits to find the required functions Φ(θ, X, T, ǫ). Function S(X, T ) can be constructed using the values k(U) and ω(U). Lemma 1.
Under the conditions formulated above, that is, in the presence of N local translation-invariant integrals (8) , such that the evolution of their densities P ν (ϕ, ϕ x , . . .) according to the flow (2) has the form:
with some R ν , the system (27) does not contain θ 0 (X, T ) and provides the relations only for U(X, T ), that is, all the terms containing θ 0X and θ 0T are orthogonal to the left eigen vectors of the operatorL independently upon the values of parameters U(X, T ) and θ 0 (X, T ), so that A (11), which is not the operator of translation or trivial flow, we have the same situation.
Proof.
If (27) and (28) are valid, there exist the solutions of (19) in form of asymptotic series (20), the substitution of which into (29) and integration with respect to θ gives in the first order of ǫ:
-where . . . means the averaging on the family M defined by the formula:
So that, from the system (27)-(28) follows the system (30), which is a system of N independent in the general case equations on functions U(X, T ), having the same form as (27)-(28), and, so that, (30) is equivalent to (27)-(28). Since these conclusions may be applied to any of systems (11), which is not translation or trivial flow, the Lemma is proved.
Let us note that in the presence of the additional conservation laws of form (29) their averaging gives the equations which are the corollaries of (30), the independence of (30), which is the system of N equations on N parameters U ν (X), is the property of generic situation. System (30) (or equivalent to it (27)- (28)), giving the evolution of slow modulated parameters U(X) of m -phase solutions of (2) is called the system of equations of Whitham.
System (30) has the form:
that is, it refers to evolution systems of hydrodynamic type. For smooth initial dates U(X) system (32) has in general case smooth solution up to some moment T 0 depending upon the initial dates and after that the solution will be broken. So that we can use the solutions of Whitham up to the definite point of time, after which they are not defined. Let us point also that usually we consider just the finite number of terms of asymptotic series (20) when they give us solutions of initial system (2) modulo terms of higher order of ǫ. In particular it is possible to consider just the first term of (20), which gives the evolution of slow-modulated m-phase solutions of (2) provided that the Whitham equations on parameters U hold and the next term in (20) is uniformly bounded. We shall consider all arising here asymptotic series from this point of view, in particular, we shall not interest in there convergency regions since we consider the relations on the first (say k) terms of such series modulo the higher orders of ǫ. 
The Poisson brackets of the hydrodynamic type.
Among the systems (32) there is an especial class of them which are Hamiltonian with respect to Poisson brackets of type:
with local Hamiltonian of hydrodynamic type:
which plays an important role in their integrability (see [7] , [8] , [9] ). The theory of brackets (33) with nondegenerated g νµ (U), constructed by B.A.Dubrovin and S.P. Novikov (see [3] , [4] , [5] ), is closely connected with Riemannian geometry. In particular, from their skew-symmetry follows:
Leibnitz identity leads to the fact that under the transformations of coordinates U ν →Ũ ν (U) functions g νµ transform as the contravariant components of a metric tensor, whereas the functions Γ
transform as coefficients of connection, consistent with metric view (35). The Jacobi identity for (33) in the case of nondegenerated metric g νµ is equivalent to the symmetry of connection Γ ν µλ and zero curvature of the metric:
The theory of brackets (33) with degenerated g νµ (U) is more complicated, but also has a nice geometrical form, see [13] .
In [4] B.A.Dubrovin and S.P.Novikov proposed also the method of constructing of the brackets (33) for Whitham's system of equations (32), starting from the Hamiltonian structure (3) for the initial system (2) under the condition that we have the necessary number of commuting integrals (8) . Namely, let us calculate the brackets of densities of integrals (8) in the form:
(there is a finite number of terms in the sum, ν, µ = 1, . . . , N).
View (9) we can conclude that
for some Q νµ . In the described above coordinates U = (U 1 , . . . , U N ) the brackets of Dubrovin-Novikov have the form:
-where . . . , as previously, denotes the averaging on the m -phase solutions of (2), defined by formula (31). However, the proof of the fact that constructed by such a way brackets satisfy the Jacobi identity, was absent in [4] (see [10] ). The main purpose of this paper is to prove the fact that the procedure (36) -(38) of averaging of brackets (3) really gives the Poisson brackets of type (33), satisfying the Jacobi identity.
We shall need for the further purposes the Dirac procedure of restriction of Poisson bracket on the submanifold. Let us describe here this procedure in the notations of spaces of finite dimension.
Let in the space V with the coordinates x = (x 1 , . . . , x l ) and the Poisson bracket:
be a submanifold N, defined with the aid of constraints g 1 , . . . , g s by the equations:
Let us suppose also that some l − s functions f 1 (x), . . . , f l−s (x), defined in the vicinity of N in the space V , give the coordinate system on N after the restriction on it. All the redefinitions of the functions f λ (x), having the form
with arbitrary τ λ ζ (x), do not change this coordinate system. Let us suppose that we can find functions τ λ ζ (x), such that the submanifold N is invariant under Hamiltonian flows generated by all the functionsf λ (x) (in the case of nondegeneracy of the matrix {g
Then we can define the Dirac restriction of bracket (39) on the submanifold (40) by the formula:
The bracket (41) satisfies automatically all the necessary identities. It can be easily verified that with the functions τ λ ζ (x), founded by such a way, the bracket (41) may be also written in the form:
The infinite dimensional form of (42) will be very convenient in the further analysis.
4. The coordinates in the vicinity of submanifold corresponding to the full family of m-phase solutions.
Let us now return to the constructions connected with Whitham's method of averaging. After the substitution X = ǫx the bracket (3) has the form:
integrals (8) become:
Let us consider the space of functions ϕ(θ 1 , . . . , θ m , X), 2π− periodic with respect to each of θ α and define at all ǫ the Poisson bracket on it according to the formula:
is the δ− function in m− dimensional space). Consider in the space of 2π− periodic with respect to θ functions the submanifold M ′ of functions ϕ(θ, X), such that at any X ϕ(θ, X) as a function of θ lies in M. The functions U ν (X) and θ α 0 (X) can be taken as the coordinates on the submanifold M ′ , so that the functions ϕ(θ, X) from M ′ will be represented by the formula:
After the prolongation of coordinates U(X) and θ 0 (X) by the independent upon ǫ way in the vicinity of M ′ (let us denote it by ∆ δ ) in the functional space of 2π− periodic with respect to θ functions, where these functions satisfy the conditions:
(that is we imply that there exists a function ϕ 0 (θ, X) from M ′ such that all the terms of the series (47) exist, the series (47) is convergent and satisfies to the formulated condition), we can define the submanifold M ′ with the aid of constraints:
The difference between the systems (6) and (48) is that the system (48) does not depend upon the parameters k and ω, since they are now determined functionals of ϕ(θ, X) (in the vicinity of M ′ ), the values of which on the M ′ coincide with the corresponding parameters of the family. It can be easily seen that only the functions from M ′ satisfy to (48). The functionals U(X) and θ 0 (X) in ∆ δ can be defined for instance by the following way: let introduce in ∆ δ N functionals of the form
with some functions A ν , such that on the M ′ the values a ν are functionally independent. On the M ′ the values a ν , as can be easily seen, can be expressed in terms of the values U(X) and do not depend upon θ 0 (X). So that, dividing M ′ into the "maps" in which |U
we can express U(X) in terms of a ν (X) in each of these maps in the form U ν (X) = f ν (a(X)) and then, using the definition (49) of a(X) in ∆ δ , we can extend U ν (X) into the vicinity of each map (this can be done at each X independently). Then, after the definition of the functionals U ν (X) in ∆ δ , let consider in ∆ δ the functionals:
′ and θ 0 (X) ≡ 0, then ϑ α (X) ≡ 0 and, in the generic situation, at small θ α 0 (X) the values {θ α 0 (X)} can be expressed in terms of
After that, by the same way, dividing, if it is necessary, each of the maps described above into the parts in which:
′′ (independently at each X), and expressing by such formulas θ α 0 (X) in terms of the ϑ(X), we can extend θ α 0 (X) into ∆ δ using the functionals ϑ(X).
It can be easily checked that after such definition of U(X) and θ 0 (X) in ∆ δ we have for two functions ϕ (1) (θ, X) and ϕ (2) (θ, X) from ∆ δ , satisfying the condition of type (47), that is ϕ (1) (θ, X) − ϕ (2) (θ, X) < δ, where δ is small, the relation:
where C is constant. The analogous relations will be also satisfied for the variational derivatives of U(X) and θ 0 (X).
We shall suppose that after the prolongation described above the submanifold M ′ , given by the system (48), possesses the property of regularity, analogous to the regularity of M ω,k . Namely, it is clear that the vectors: Φ θ α (θ + θ 0 (X), U(X)) and Φ U ν (θ + θ 0 (X), U(X)) (let us denote this set as {ξ (q) [U,θ 0 ] (X), q = 1, . . . , N + m}) lie at all X at the kernel of linearized on the function from M ′ (characterized by the corresponding values U(X) and
, introduced in (48): 
Note that unlike {ξ along the M ′ , on which U(X) and θ 0 (X) are defined initially, whereas thẽ κ (q) (θ, X) are connected with the image of the operatorL, for finding of which it is necessary to know the change of U(X) and θ 0 (X) at all variations of ϕ(θ, X).
With the aid of the constructions described above we can introduce another system of coordinates in ∆ δ instead of the standard system, given by the functionals ϕ i (θ, X). Namely, we take as the coordinates in ∆ δ the functionals {U ν (X), θ α 0 (X), ν = 1, . . . , N, α = 1, . . . , m}, and
are functionals from (51), appeared in the linearization of the constraints F i (θ, X) on the submanifold M ′ . So that, the functions ϕ(θ, X) from ∆ δ will be characterized by the set of N + m smooth functions U ν (X), θ α 0 (X), and by the functions G i (θ, X), i = 1, . . . , n, taking the values at the space of 2π− periodic with respect to θ functions, satisfying at each X (and given U(X) and θ 0 (X)) to N + m linear integral conditions of type:
(The conditions of such type are not customary in usual systems of coordinates, however, they can be encountered in the theory of stratifications). Lemma 2. At small enough δ the values of functionals U ν (X), θ α 0 (X) and G i (θ, X) in ∆ δ , satisfying (54), give uniquely the values ϕ i (θ, X). Proof. Indeed, the system:
has, view (54), a solution, defined modulo the linear combination of the vectors {ξ
[U,θ 0 ] (X)}, tangential to M ′ and corresponding to variations of parameters U(X) and θ α 0 (X); so that, their coefficients in small enough ∆ δ may be defined by the values U ν (X) and θ α 0 (X). We shall also need another system of coordinates in ∆ δ , which connected with the system described above by the transformation depending upon ǫ.
Namely, consider the functionals:
and
(for some initial point X 0 ). As a system of coordinates in the vicinity of M ′ we take the functionals {J ν (X), θ * 0 (X)}, and also the set of constraints
, as can be easily seen from (56), is defined at ǫ = 0. On the submanifold M ′ (that is at G q (θ, X) ≡ 0) at ǫ → 0 we have:
where J ν (k) represents the averaged with respect to θ the kth Teilour term of the expansion of P ν at ǫ → 0 on the functions from M ′ . There is a finite number of terms in the sum, there introduced the notations:
The expression for θ * 0 (X) in terms of U(X) and θ 0 (X) on the M ′ can be obtained by the substitution of these expansions for J(X) into (56).
We shall need also the inverse transformation from J(X) and θ * 0 (X) to U(X), θ 0 (X) at G q (θ, X) ≡ 0 (that is on the M ′ ). Let us note that the values J ν (X), θ * α 0 and U µ (X) are connected on M ′ by the relations (the definition of J ν (X)):
) and their derivatives with respect to U ν and θ α with the coefficients of type:
. ., and θ * 0X (X), θ * 0XX (X), . . ., given by the collecting together these terms, having the general multiplier ǫ k . The term, corresponding to the zero power of ǫ, is written separately.
After the integration with respect to θ, which removes the singular at ǫ → 0 phase shift θ 0 in the argument Φ in , we obtain on M ′ :
(57) The sum in (57) contains the finite number of terms, functions ζ ν (k) and ζ ν are integrated with respect to θ functions P ν (k) and P ν respectively. Since
(in the integration with respect to θ we omitted the unessential phase shift Φ in ) we obtain that the system:
is satisfied by the solution J ν (X) ≡ U ν (X), according to the definition (10) of parameters U(X) on the family M ′ . Since we suppose that the system (58) is of general form, we shall assume that it is equivalent to the system J ν (X) = U ν (X). Taking this into account, we can resolve the system (57) by the iterations, taking on the initial step U ν (X) = J ν (X); for U ν (X) we shall obtain the expression of the form:
The substitution of (59) into (57), under the condition of nonsingularity of matrix
| U=J , will uniquely define the functions U ν (k) . The value θ 0 (X) is expressed in terms of J(X) and θ * 0 (X) according to the formula (56).
Later it will be convenient to write the expressions of type θ The functionals (55) are well defined on the full space of functions ϕ(θ, X) and the Hamiltonian flows, generated with the aid of (45) by the integrals:
have for all smooth functions q(X) the form: For the Dirac restriction of bracket (45) on the submanifold M ′ in the coordinates J(X), θ * 0 (X) and G(θ, X) = (G i (θ, X)) we shall need their Poisson brackets with each other (on the M ′ ). We shall begin with the brackets of type: {J ν (X), J µ (Y )}. View (36), these brackets have the form:
where view (37):
At the points of the submanifold M ′ the function ϕ(θ, X) has the form:
, ǫ](X)) and after the substitution of it into (62) we can obtain the brackets {J ν (X), J µ (Y )} at the points of M ′ (characterized by coordinates J(X), θ * 0 (X)) in form of regular at ǫ → 0 series, since the integration with respect to θ removes the irregularity at ǫ → 0 in the argument of function Φ in . View (63), it can be easily seen that the zero terms are absent in these series, so that they can be written in the form:
where J νµ are regular at ǫ → 0 functionals of J and θ * 0 . The functionals of this type will arise later and have the form of regular at ǫ → 0 asymptotic series of type:
Here we used the relation (59) giving U(X) in terms of J(X) and θ * 0 (X) at the points of M ′ , according to which the arguments U ν (X), on which depend the values A νµ 1 and Q νµ on M ′ , are replaced modulo the terms of higher order of ǫ by J ν (X), . . . means, as previously, the averaging on the family of m-phase solutions of (2), defined by the formula (31).
The evolution of the densities of conservation laws P ν (ϕ, ǫϕ X , . . .) according to the system (61), generated by the functional q(X)J µ (X)dX, as can be easily seen from (36), has the form:
The evolution of J ν (X) at the points of M ′ , characterized by the coordinates J(X), θ * 0 (X), will be written in the form:
where f νµ are regular at ǫ → 0 asymptotic series with respect to ǫ k , the coefficients of which are local functionals of q(X), J(X) and θ * 0 (X). Lemma 3. From the system (66) (ν = 1, . . . , N, µ -is fixed), giving the evolution of J(X) according to the system (61), at the points of M ′ follow the relations:
-where ω ν = (ω Proof. System (61) admits the construction of the family of solutions similar to the described in Whitham's method ones, that is the family of solutions of type:
T = ǫτ µ . By the substitution of (68) into (61) we obtain in the zero order that ϕ 0 (θ, X, T ) at each T is the function from the M ′ , since it satisfies to one of the systems (12) (we assume here that I µ is not the momentum operator or annihilator of bracket (3), for which the statement of Lemma is evident), besides that:
We assume, as it was declared previously, that the systems (11), generated by the funcionals I µ (except the annihilators and momentum operator), and corresponding to them submanifolds M ω µ ,k satisfy to the nondegeneracy conditions (A) and (B), which permit to construct the asymptotic series (68). The conditions of the solvability of system on ϕ 1 (θ, X, T ), that is N −m equations of orthogonality of the discrepancy f 1 to the left eigen vectors of the corresponding operatorL [U(X),θ 0 (X)] , together with the equations
following from (69), give, as previously, the system of equations on U(X) and θ 0 (X). It can be easily seen (view (69)), that the system on Φ (1) (θ, X, T ) has now the form:
, all the notations are the same that the notations in (26), the values σ T and σ X are connected with the parameters U(X), corresponding to Φ (0) (θ, X, T ), by the relations (69), the functions α i(µ) j(n) and β j(µ) α are the same that in Whitham's method for the evolution system, generated by the operator I ν . The last property permits to conclude that, similar to Whitham's situation, the conditions of orthogonality of discrepancy f 1 to the left eigen vectors of L do not impose any restriction on the parameters θ 0 (X, T ) and have a form:
Together with the equations (70), the system (71) gives N equations on the functions U(X). At given initial dates the system (70)-(71) has the smooth solution at T < T 0 (up to the moment of destruction of waves), and in this region, as in Whitham's method, we can, using the function ϕ (0) (θ, X, T ) from M ′ , characterized by the values U(X, T ) and θ 0 (X, T ), construct uniquely the next terms ϕ (k) (θ, X, T ) of the series (68), which will be the functionals of U(X, T ) and θ 0 (X, T ). Taking this into account, and using the definition of J(X) (55) and the parameters U(X) (10), we can obtain on the family (68) of solutions of (61) the relations:
-where U(X, T ) and θ 0 (X, T ) are parameters, connected with the function ϕ (0) (θ, X, T ) from M ′ , J(X) are values of the corresponding functionals on the solutions (68), corresponding to the given U(X, T ) and θ 0 (X, T ).
After the substitution of ϕ(θ, X, T ) in form of (68) into the expression (65) and the integration with respect to θ we obtain the expression for the evolution of J(X) on the solutions (68), which, as can be easily seen, has the form:
(73) Comparing (73) and (72) we can conclude that the system
is equivalent to (70,71), and so that, the relations (67) follow from (66). The Lemma is proved. Corollary. On the functions of family M ′ , characterized by coordinates J(X), θ * 0 (X) at ǫ → 0, take place the following relations:
where k αµ are regular at ǫ → 0 functionals of J(X) and θ * 0 (X). Lemma 4. Under the formulated previously assumption that the number of parameters U ν is equal to 2m+p, where p is the number of the annihilators of the bracket (3), the following conditions take place:
Proof. As was formulated previously, any of m+1 flows, generated by m+1 integrals from the set (8) , are linearly dependent on the family of m -phase solutions of system (2), and for some λ 
-where ω α ν (U) are introduced in (12) frequencies, corresponding to the integrals I ν . It follows from this that on m -phase solutions of (2), characterized by the parameters U(X), for some functions µ q s (U) take place the relations:
where N q are annihilators of bracket (3). Let us denote the values of the annihilators N q on m -phase solutions of (2) by n q (U) (the dependence of θ 0 is absent because of the commutation of N q with I ν , generating the linear dependence of the initial phases upon the time). The values of the functionals I ν on m -phase solutions of (2) are the parameters U ν , and for infinitely small shift on the M along the direction ξ (in the space of parameters on the M), tangential to the submanifold k(U) = const, (k = (k 1 , . . . , k m )), we obtain the uniformly bounded variations of functions ϕ i (x), so that, view (77), we obtain on M:
From this we can conclude that µ(U, θ 0 ) = µ(U) (the dependence upon θ 0 is absent), and for some functions τ α s (U), α = 1, . . . , m, s = 1, . . . , N − m, take place the relations:
After the expression of N − m = m + p differentials dn q (U) and dk α (U) from N − m equations (78) (we assume that in the generic situation this can be done) we obtain the relations:
for some functions a αs (U) and b s q (U). After that the statement of the Lemma follows immediately from (76). Lemma is proved.
It can be easily seen that, under the conditions formulated in Lemma 4, for the functions n q (U), view (76) and (80), also take place the relations similar to (75), that is:
Lemma 5. Under the formulated in Lemma 4 conditions: N = 2m + p, where p is the number of the annihilators of bracket (3), on the submanifold M, connected with the full family of m -phase solutions of (2), take place the relations:
Corollary. On the submanifold M ′ with the coordinates (J(X), θ * 0 (X)) take place the relations:
where ρ αβ , υ α q are regular at ǫ → 0 functionals of J(X) and θ * 0 (X). Indeed, using (74) and (75), we obtain: (83) is proved by the same way. Now we shall calculate the brackets {J ν (X), θ * α 0 (Y )} and {θ * α
′ . As was mentioned above, the functionals of type q(X)J ν (X)dX generate the local flows of form (61). The corresponding evolution of the densities A ν (ϕ, ϕ θ α , . . .) of integrals a ν (X), introduced in (49) for the definition of coordinates U ν (X) in the vicinity of M ′ , also have the form similar to (61), that is
After the substitution of functions ϕ(θ, X) in the form:
and integration with respect to θ, we obtain the expression for the evolution of a ν (X) on the functions from M ′ , characterized by the coordinates J(X) and θ * 0 (X), in the form:
So that, the analogous expressions will be for the evolution of the functionals U(X) on the M ′ , since they are expressed in terms of a(X) by the point substitutions. Besides that, since the system (61) generates at zero order of ǫ on the functions from M ′ (having the form (84)) the shift of the initial phases θ α 0 and does not touch the other parameters, the zero terms do not present in this series. So that, the Poisson brackets between U ν (X) and J µ (Y ) on the M ′ will (as functions of coordinates J(X) and θ * 0 (X)) have the form:
At Y = X 0 we have on the functions from M ′ , characterized by the coordinates J(X), θ * 0 (X), the relations:
where σ αβ are regular at ǫ → 0 functionals of J and θ * 0 . Proof. As can be easily seen, the functionals θ * α 0 (X) are expressed, according to their definition (see (56)), by the same (independent upon ǫ) functions τ α (ϑ * (X)) in terms of the functionals ϑ * α (X), introduced by the formula:
by which the functionals θ α 0 (X) are expressed in terms of ϑ 0 (X), introduced in (50). The formulas θ * α
take place in the map on the M ′ , in which θ * 0 (X) takes at all ǫ the same (that is independent upon ǫ) values, that θ 0 (X) takes in the map corresponding to the functions τ α in the definition of θ α 0 (X) in terms of ϑ 0 (X). The evolution of the functionals (87) according to the flows (61), generated by the functionals of type q(X)J µ (X)dX, is determined by the evolution of ϕ(θ, X), given by the system (61), and, besides that, by the evolution of J(X) and U[ϕ](X), which presents in Φ in and in the coordinates J(X) and θ * 0 (X) on the M ′ is given by the formulas (66) and (85). After the substitution of ϕ(θ, X) in the form (84) into the system (61) and integration with respect to θ, removing the singularity at ǫ → 0 in the shift of θ, we can, as in the case with U(X), conclude that the Poisson brackets of θ * α (X) with J µ (Y ) on the M ′ are regular (view (88)) at ǫ → 0 functionals of J(X) and θ * 0 (X). That is {θ * α
with the functions q(Y ′ ), having the support in the vicinity of Y , such that q(X 0 ) = 0. Taking into account the statement (67) of Lemma 3, it can be easily seen, that the evolution of the functionals (87) according to the corresponding flows has on the functions from the M ′ , characterized by the coordinates J and θ * 0 , in the zero order of ǫ at ǫ → 0 the following form:
(after the substitution of ϕ(θ, X) in form of (84) we use the relation (12) for the functions Q i µ ). The statement of the Lemma immediately follows from this.
For the J(X 0 ) (at the point X 0 the depending upon ǫ initial phase shift θ 0 is absent) we can obtain by the similar way on the M ′ (in the coordinates J(X), θ * 0 (X)):
(since at the zero order of ǫ the functionals q(X)J µ (X)dX generate the linear dependence of the initial phases θ 0 (X) upon the time with the frequencies q(X)ω µ (X) and at the point X 0 : θ * 0 (X 0 ) ≡ θ 0 (X 0 )). For the functionals k α (J(X)), view (75), we have in the coordinates J(X), θ * 0 (X) on the M ′ at all Y , including X 0 , the relations:
For the functionals ϑ * α (X), introduced in (87), we obtain also, using (82) and (90), that their Poisson brackets with each other are regular on M ′ in the coordinates J(X), θ * 0 (X) at ǫ → 0, and, so that, the same property is valid for the brackets of type: {θ * α
where γ αβ (X, Y ) are regular at ǫ → 0 functional of J θ * 0 . We shall not need for the more precise information about the brackets of this kind.
Let now consider the Dirac procedure of restriction of the bracket (45) on the submanifold M ′ , using the coordinates J(X), θ * 0 (X) and
For the Dirac restriction of the bracket (45) on M ′ we must find for the functionals J ν (X) and θ * α 0 (X) the additions of type:
such that the flows, generated by the functionalsJ
On the functions v ν i (X, Y, θ, ǫ) and w α i (X, Y, θ, ǫ) we obtain, respectively, the relations:
In the calculation of the Poisson bracket of constraints G i (θ, X) with any functional on M ′ we can use the property, that on M ′ the values standing in the brackets in the definition of constraints G i (θ, X) in terms of ϕ(X) (see (53)) become zeros and, so that, in the calculation of the brackets of type {G i (θ, X), C(θ ′ , Z)} on M ′ we can omit the brackets of the kernels of the operatorsL, presenting in (53), with C(θ ′ , Z) and replace the kernels ofL from the Poisson brackets in the form of multipliers according to the Leibnitz identity.
Regarding also the relations (90), (82), and (64), (86), (89), (91) for the functionals J and θ * 0 , presenting in (53), we can see that the Poisson brackets of type
′ with the coordinates J(X), θ * 0 (X) be represented in the most general form at ǫ → 0 by the asymptotic series of type:
s(X) and s(Z) denote the integrals
(All the functions in the sums within brackets, depending upon Z and Y , are replaced by the functions, depending upon X, according to the formulas of type: ǫδ
As can be easily seen, all differentiations with respect to X appear with the multiplier ǫ.)
The functions
are respectively left and right eigen vectors on the M ′ of the linear operator in the space of 2π− periodic with respect to θ functions with the kernel {G i (θ, X), G j (θ ′ , Z)} and correspond to zero eigen values. The func-
, as can be easily seen from (100) and (101), are also orthogonal (at all ǫ) to the right parts of (97),(98), and,so that, the systems (97), (98) 
in the coordinates J(X) and θ * 0 (X) on M ′ we put N + m additional relations on them, demanding from them to be also orthogonal at all X and Y to the corresponding functions:
that is 
and (101) respectively, on the functionsv ν j andw α j (after all differentiations with respect to X in (97),(98), appearing in every case with the multiplier ǫ, the singular at ǫ → 0 phase shift θ *
which presents in all functions, depending upon θ, can be omitted) we obtain the linear nonhomogeneous systems, which can be represented in form of regular at ǫ → 0 asymptotic series with respect to ǫ. As was mentioned above, in the generic case corresponding to the nonsingularity of the matrix of Poisson brackets of constraints in the finite-dimensional case, these systems are resolvable at all ǫ, and, in the presence of the additional relations (107),(108), the functions v(X, Y, θ, ǫ) andw(X, Y, θ, ǫ) can be uniquely determined on the submanifold M ′ with the coordinates J(X), θ * 0 (X) (the systems (97),(98) depend of them as of parameters) in the form of regular at ǫ → 0 asymptotic series with respect to ǫ, that is
Remark. Very frequently the Poisson brackets (3) for the initial system (2), such as the Gardner -Zakharov -Faddeev bracket:
or Magri -Lenard bracket:
have such a form, that the corresponding to them bracket (45) is degenerated at zero order of ǫ in the coordinates ϕ(θ, X). This degeneracy arises because of the presence of the derivatives of δ− functions with respect to x (that is the operators ∂/∂x) or the derivatives with respect to x of functions ϕ(x) in every term of such brackets, which arise in (45) with the multipliers ǫ. However, in the introduced above coordinates J ν (X), θ * α 0 (X) and G i (θ, X) in the vicinity of M ′ the operators ǫ∂/∂X, being applied to the functions (75) on the M ′ , contain the nonvanishing at ǫ → 0 value of type k α (J(X)) ∂ ∂θ α , which permits to assume in the generic case (for the generic constraints) that the systems on the functionsv
(114) The more precise information about the functions v ν j and w α j will be not necessary for us.
Let us now formulate the main result of this paper. Theorem 1. Suppose that for the system (2), Hamiltonian with respect to bracket (3) and having the family of m -phase solutions and the sufficient number of conservation laws (8) , take place all the described above properties of generic situation, concerning the functional independence of the parameters U ν on this family and the possibility of the expression of parameters k, ω and r in terms of them, and, besides that, takes place the relation, connecting the number of the annihilators of bracket (3) with the number of introduced above additional parameters r 1 , . . . , r g (g = p). Then, under the assumption of regularity ((A) and (B)) of the introduced previously submanifolds M ν ω ν ,k , (that is the possibility of constructing for any system (61), generated by the functional q(X)J ν (X)dX, of the asymptotical solutions (68)), and the analogous regularity of M with the nonsingularity of matrix of Poisson brackets of constraints {G i (θ, X), G j (θ ′ , Z)} on M ′ at zero order of ǫ in the coordinates J, θ * 0 (that is the possibility of constructing of functions v (8), (some of the integrals of these two sets may coincide with each other). Then, the Dubrovin -Novikov brackets obtained with the aid of these two sets are coincide. That is, if U ν = P ν ,Ū ν = P ν , where P ν ,P ν -are the densities of the integrals of the first and second sets respectively, . . . is the averaging on the family of m -phase solutions of (2), then the transformation of bracket (38), obtained with the aid of the set {I 1 , . . . , I N }, to the coordinatesŪ ν (X) on the M, expressed by the point substitutions: and, so that, the transition from the brackets (117) to {J ν (X),J µ (Y )} coincides for such transformation (if X, Y = X 0 ) in the first nonvanishing order of ǫ (at zero power of ǫ) with the corresponding transformation of Dubrovin -Novikov bracket under the substitution (120), which proves the Theorem.
The evolution of densities P ν (x) according to the flows (11), generated by the integrals I µ , as can be easily seen from (36), has the form: 
The flows, generated by the functionals U µ (X)dX on the space of fields U(X) with the aid of Dubrovin -Novikov bracket, has the form:
and, by such a way, represent (see (30)) the Whitham's equations for mphase solutions of the Hamiltonian system, generated by the functional I µ (if it is not the momentum operator or annihilator of bracket (3), let us remind that all these systems have the common family of m -phase solutions).
All these flows commute with each other because of the commutation of functionals J µ (X)dX with respect to Dubrovin -Novikov bracket, and, besides that, the same is valid for the flows generated by the integrals with respect to X of the averaged densities of all functionals, having the form (8) and commuting with the Hamiltonian and integrals I ν , since any of these functionals can be included into the set {I ν } instead of any of presenting there integrals I ν , and, according to Theorem 2, this will not change the bracket (38). The integrals with respect to X of the averaged density of momentum operator (5) and the annihilators of bracket (3), having the form (8) , generate in the bracket (38) the shift with respect to X and zero flows respectively. The integral with respect to X of the averaged density of the Hamiltonian (4) generates Whitham's equations for m -phase solutions of system (2) .
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